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Classic time series decomposition
Trend, cyclical and seasonal



Slutzky and others

Stochastic processes look much like cycles

yt = α0 + ∑ βi εt−i

I Irregular cycle



Deterministic trend

Deterministic trend only

yt = α0 + κt

Deterministic trend with white-noise innovation

yt = α0 + κt + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

Also can have

yt = α0 + α1yt−1 + α2yt−2 + κt + εt ,

E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s



Deterministic trend only



Deterministic trend with stochastic innovations



Trend stationary

A series is trend stationary if it can be written

yt = κt + stationary component

Examples of possibly stationary terms in the stationary component are

εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

α1yt−1 + α2yt−2

β1εt−1 + β2εt−2



Stochastic trend

A series has a stochastic trend if it has a component that can be
written

yt = y0 +
t−1
∑
i=0

εt−i + stationary component

I and εt is white noise

A series with a stochastic trend and no other aspect can be written

∆yt = εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

Can see the relationship of the two representations from

yt = yt−1 + εt

yt = yt−2 + εt + εt−1

yt = yt−3 + εt + εt−1 + εt−2

yt = yt−(k+1) + εt + εt−1 + εt−2 + ... + εt−k



Stochastic trend alone

A series with a stochastic trend and no other aspect can be written

∆yt = εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

Which results in

yt = y0 +
t−1
∑
i=0

εt−i

The term ∑t−1
i=0 εt−i is called a stochastic trend because the future of

this apparent trend is not predictable but has persistence like a trend
does



Stochastic trend and deterministic trend

Deterministic trend is called deterministic because deterministic
means perfectly predictable from its own past and a linear trend is
perfectly predictable

I yt = κt implies
Et yt+100 = κ (t + 100)

Stochastic trend is called stochastic because this persistent
movement is not predictable

I yt = y0 + ∑t−1
i=0 εt−i implies

Et yt+100 = y0 + Et

t−1+100

∑
i=0

εt−i = y0 + Et

t−1
∑
i=0

εt−i = yt



Stochastic trend



Random walk with drift

Random walk with drift is

yt = α0 + yt−1 + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

Stationary in terms of first differences

∆yt = α0 + εt

Evolution over time

yt = y0 + α0t +
t−1
∑
i=0

εt−i

I α0t is a deterministic trend
I ∑t−1

i=0 εt−i is a stochastic trend
I Predictable increases

E ∆yt = α0



Random Walk with Drift



Autocorrelation of stochastic trend

Series with a stochastic trend is not stationary or strictly stationary

Random walk is

yt = yt−1 + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

Expected value of random walk
I If condition expected value on y0, that is if use E [yt |y0], then

E [yt |y0] = y0 + E

[
t−1
∑
i=0

εt−i |y0

]
= y0

I If not conditioned on y0, then complicated problem if even well posed



Autocorrelation of stochastic trend

Random walk is

yt = yt−1 + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

Variance of random walk

Var [yt ] = Var

[
y0 +

t−1
∑
i=0

εt−i

]

I If condition variance on y0, that is if use Var [yt |y0], then

Var [yt |y0] = tσ2

Also
lim
t→∞

Var [yt |y0] = ∞



Autocovariance of stochastic trend

Random walk is

yt = yt−1 + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

Covariance if condition on y0 and have s > 0

Cov [yt , yt−s |y0] = Cov

[
y0 +

t−1
∑
i=0

εt−i , y0 +
t−s−1
∑
i=0

εt−i |y0

]
= E[(ε1 + ε2 + ... + εt−s−1 + εt−s + εt−s+1... + εt)

(ε1 + ε2 + ... + εt−s−1 + εt−s)]

= (t − s) σ2



Autocorrelation of stochastic trend

Random walk is

yt = yt−1 + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

Autocorrelation

ρs =
Cov [yt , yt−s ]

SD [yt ] SD [yt−s ]
=

(t − s) σ2

√
tσ2

√
(t − s) σ2

=

√
t − s

t

If t is large relative to s, then the autocorrelations will be close to one

Do fall but rather slowly if t is large relative to s

For example, T = 100, ρ1 =
√

.99 = .995, ρ2 = .990, ρ3 = .985



First example of autocorrelation of series with a stochastic
trend

Correlogram of RW1_TREND

Date: 02/05/18   Time: 07:07
Sample: 1 300
Included observations: 300

Autocorrelation Partial Correlation AC  PAC  Q-Stat  Prob

1 0.977 0.977 289.03 0.000
2 0.966 0.269 572.91 0.000
3 0.956 0.084 851.81 0.000
4 0.943 -0.061 1123.7 0.000
5 0.934 0.076 1391.7 0.000
6 0.922 -0.028 1653.8 0.000
7 0.913 0.022 1911.3 0.000
8 0.904 0.022 2164.7 0.000
9 0.892 -0.049 2412.1 0.000

10 0.882 0.019 2655.4 0.000
11 0.873 0.015 2894.3 0.000
12 0.863 0.002 3128.7 0.000
13 0.854 -0.001 3359.1 0.000
14 0.846 0.025 3585.7 0.000
15 0.837 -0.004 3808.3 0.000
16 0.826 -0.054 4026.1 0.000
17 0.817 -0.001 4239.5 0.000
18 0.808 0.024 4449.2 0.000
19 0.795 -0.084 4653.1 0.000
20 0.787 0.044 4853.4 0.000
21 0.777 0.004 5049.5 0.000
22 0.766 -0.036 5240.7 0.000
23 0.757 -0.003 5427.9 0.000
24 0.744 -0.033 5609.8 0.000
25 0.737 0.077 5789.0 0.000
26 0.727 -0.042 5963.8 0.000
27 0.715 -0.038 6133.6 0.000
28 0.708 0.045 6300.6 0.000
29 0.697 -0.019 6463.3 0.000
30 0.687 -0.039 6621.4 0.000
31 0.679 0.038 6776.5 0.000
32 0.670 0.028 6928.2 0.000
33 0.660 -0.052 7075.8 0.000
34 0.650 -0.005 7219.7 0.000
35 0.640 -0.003 7359.8 0.000
36 0.630 -0.023 7496.2 0.000



Second example of autocorrelation of series with a
stochastic trend

Correlogram of RW2_TREND

Date: 02/05/18   Time: 07:07
Sample: 1 300
Included observations: 300

Autocorrelation Partial Correlation AC  PAC  Q-Stat  Prob

1 0.971 0.971 285.51 0.000
2 0.962 0.337 566.70 0.000
3 0.951 0.095 842.53 0.000
4 0.943 0.087 1115.0 0.000
5 0.930 -0.075 1380.3 0.000
6 0.921 0.028 1641.7 0.000
7 0.909 -0.030 1897.1 0.000
8 0.899 0.006 2148.0 0.000
9 0.890 0.035 2394.6 0.000

10 0.880 -0.009 2636.6 0.000
11 0.872 0.029 2874.7 0.000
12 0.862 -0.018 3108.3 0.000
13 0.850 -0.056 3336.3 0.000
14 0.840 0.001 3559.8 0.000
15 0.831 0.010 3779.2 0.000
16 0.821 0.013 3994.4 0.000
17 0.811 -0.010 4205.0 0.000
18 0.805 0.058 4413.0 0.000
19 0.793 -0.058 4615.7 0.000
20 0.782 -0.046 4813.6 0.000
21 0.773 0.027 5007.8 0.000
22 0.765 0.014 5198.6 0.000
23 0.758 0.045 5386.3 0.000
24 0.748 -0.016 5570.1 0.000
25 0.738 -0.038 5749.7 0.000
26 0.728 -0.027 5924.9 0.000
27 0.719 -0.022 6096.3 0.000
28 0.710 0.018 6264.0 0.000
29 0.700 -0.013 6427.6 0.000
30 0.691 0.006 6587.6 0.000
31 0.682 0.036 6744.5 0.000
32 0.672 -0.046 6897.1 0.000
33 0.665 0.035 7047.1 0.000
34 0.655 -0.035 7193.2 0.000
35 0.645 -0.023 7335.5 0.000
36 0.634 -0.035 7473.6 0.000



Autocorrelation of trend stationary series

A trend stationary series is not covariance stationary

A trend stationary series

yt = κt + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

The expected value of yt with y0 = 0 is

E yt = κt

which implies E y1 = κ, E y2 = 2κ, etc.

Suppose we have T observations and for this series we compute

y =
∑T

t=1 yt
T

=
∑T

t=1 κt

T
= κt



Autocorrelation of trend stationary series

A trend stationary series

yt = κt + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

The expected value of the variance for T observations is

s2 = T−1
T

∑
t=1

(yt − κt)2 = T−1
T

∑
t=1

(κt + εt − κt)2

= κT−1
T

∑
t=1

(κt − κt + εt)
2

E s2 = κ2
T

∑
t=1

(t − t)2

T
+ σ2



Autocorrelation of trend stationary series

A trend stationary series

yt = κt + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

The series is nonstationary by construction

Simpler to examine test statistics for examples than to do
cumbersome and problematic algebra for autocorrelations



First example of autocorrelation of trend stationary series

Correlogram of TREND_STATIONARY_1

Date: 01/30/19   Time: 07:49
Sample: 1 300
Included observations: 300

Autocorrelation Partial Correlation AC  PAC  Q-Stat  Prob

1 0.943 0.943 269.31 0.000
2 0.934 0.406 534.49 0.000
3 0.923 0.185 794.36 0.000
4 0.917 0.141 1051.7 0.000
5 0.907 0.055 1304.5 0.000
6 0.895 -0.006 1551.5 0.000
7 0.885 -0.003 1793.8 0.000
8 0.878 0.032 2033.2 0.000
9 0.868 -0.003 2267.8 0.000

10 0.870 0.125 2504.2 0.000
11 0.856 -0.045 2733.7 0.000
12 0.840 -0.107 2955.8 0.000
13 0.835 0.027 3176.1 0.000
14 0.830 0.040 3394.3 0.000
15 0.821 -0.009 3608.4 0.000
16 0.806 -0.068 3815.6 0.000
17 0.795 -0.030 4017.9 0.000
18 0.784 -0.034 4215.5 0.000
19 0.775 0.003 4409.1 0.000
20 0.771 0.060 4601.3 0.000
21 0.760 -0.003 4788.9 0.000
22 0.748 -0.022 4971.0 0.000
23 0.737 -0.029 5148.8 0.000
24 0.731 0.009 5324.3 0.000
25 0.721 -0.018 5495.5 0.000
26 0.713 0.031 5663.4 0.000
27 0.706 0.053 5829.0 0.000
28 0.696 -0.024 5990.5 0.000
29 0.682 -0.082 6145.9 0.000
30 0.677 0.023 6299.9 0.000
31 0.666 -0.023 6449.1 0.000
32 0.657 0.014 6595.0 0.000
33 0.637 -0.103 6732.9 0.000
34 0.632 0.003 6868.8 0.000
35 0.624 0.029 7001.8 0.000
36 0.621 0.094 7134.0 0.000



Second example of autocorrelation of trend stationary
series

Correlogram of TREND_STATIONARY_2

Date: 01/30/19   Time: 07:51
Sample: 1 300
Included observations: 300

Autocorrelation Partial Correlation AC  PAC  Q-Stat  Prob

1 0.945 0.945 270.61 0.000
2 0.930 0.350 533.84 0.000
3 0.924 0.227 794.10 0.000
4 0.909 0.056 1047.3 0.000
5 0.898 0.039 1295.0 0.000
6 0.889 0.041 1538.7 0.000
7 0.883 0.064 1779.8 0.000
8 0.876 0.041 2017.7 0.000
9 0.868 0.025 2252.4 0.000

10 0.861 0.008 2483.8 0.000
11 0.852 -0.004 2711.4 0.000
12 0.844 -0.001 2935.5 0.000
13 0.829 -0.076 3152.7 0.000
14 0.819 -0.020 3365.3 0.000
15 0.803 -0.091 3570.0 0.000
16 0.794 0.024 3771.4 0.000
17 0.782 -0.021 3967.4 0.000
18 0.776 0.057 4161.1 0.000
19 0.774 0.076 4354.2 0.000
20 0.766 0.011 4543.8 0.000
21 0.759 0.016 4731.2 0.000
22 0.749 -0.038 4914.1 0.000
23 0.736 -0.055 5091.4 0.000
24 0.726 -0.019 5264.6 0.000
25 0.711 -0.066 5431.0 0.000
26 0.701 -0.002 5593.2 0.000
27 0.688 -0.029 5750.1 0.000
28 0.680 0.025 5904.1 0.000
29 0.675 0.057 6056.4 0.000
30 0.660 -0.079 6202.4 0.000
31 0.652 0.002 6345.7 0.000
32 0.643 -0.009 6485.6 0.000
33 0.631 -0.024 6620.7 0.000
34 0.621 0.017 6752.1 0.000
35 0.606 -0.048 6877.7 0.000
36 0.604 0.118 7002.9 0.000



Removing the trend

A deterministic trend can be removed by

yt − α0 − κt = stationary component

A stochastic trend can be removed by first differencing

∆yt = yt − yt−1 = stationary component

A stochastic and deterministic trend can be removed from a series by
first differencing and subtracting the mean

∆yt − α0 = yt − yt−1 − α0 = stationary component

I Note that ∆yt is covariance stationary for a random walk with drift or
a series that consists of a random walk with drift plus a stationary
component



Implication of unit roots

Suppose two series yt and zt are not related but both have unit roots

Run regression
yt = a0 + a1zt + et

Then more likely to find a “statistically significant” relationship than
usual five percent of the time

I As likely to find a positive as a negative relationship
F This implies this problem would not matter so much with lots of largely

independent measures of a variable

I Residuals likely to be highly serially correlated
I Granger called this a “spurious regression” problem

If series have unit roots, then simple Ordinary Least Squares with
usual test statistics is a misleading way to analyze data

If two series have deterministic trends, then the correlation and
regression will be dominated by those deterministic trends

The stochastic properties of these series and their relationship are
different for the unit-root part



Deterministic trends

If two series have deterministic trends, then the correlation and
regression will be dominated by those deterministic trends

This may not be what we want

In some cases, it is what we want



Stochastic trends

If two series have stochastic trends, then the correlation and
regression will be dominated by those stochastic trends

This may not be what we want

In some cases, it is what we want



Common tests for unit roots

Dickey-Fuller unit root tests

Augmented Dickey-Fuller unit root tests



The Dickey-Fuller tests

Dickey-Fuller unit root tests

Null hypothesis of most general test

∆yt = α0 + εt , E εt = 0, E ε2t = σ2, E εtεs = 0 ∀ t 6= s

I Random walk with drift
I Has a trend as we saw above
I Can be rewritten as

yt = α0 + yt−1 + εt

Alternative hypothesis

yt = α0 + α1yt−1 + βt + εt , εt has properties above

|α1| < 1

I Also has a trend

This is a suitable comparison for a series with an evident upward trend
I For example, GDP or population in the United States



Dickey-Fuller test with trend

Why not just run an OLS regression such as

yt = α̂0 + α̂1yt−1 + β̂t + et

and test whether α̂1 = 1, using (α̂1 − 1) /SD(α̂1) where SD(α̂1) is
the usual OLS standard error?

I Could also test β̂ = 0 at the same time but everyone focuses on α1

The asymptotic distribution of α̂1/SD(α̂1) is not N(0,1)



Dickey-Fuller test with trend

Properties of OLS regression estimating

yt = α̂0 + α̂1yt−1 + β̂t + et

α̂1 estimated by OLS is a consistent estimator of α1

I In fact, it is super consistent: The estimator converges to α1 at the

rate T instead of the usual rate T
1
2

I Faster convergence and therefore called a super-consistent estimator

But (α̂1 − 1) /SD(α̂1) �aN(0,1)
I The distribution of α̂1/SD(α̂1) is the Dickey-Fuller distribution

Dickey and Fuller tabulated this distribution



Dickey-Fuller test with trend

Use statistic ττ for the test whether the coefficient α̂1 is one in

yt = α̂0 + α̂1yt−1 + β̂t + et

Run what is casually called the “Dickey-Fuller regression”

∆yt = α̂0 + (α̂1 − 1) yt−1 + β̂t + et

I Just subtract yt−1 from both sides of the first regression to get this one
I Test whether α̂1 − 1 ≡ α̂τ = 0
I Now testing whether a coefficient is zero
I The “t-statistic” for this test is the usual one from a regression

program and can be compared with the Dickey-Fuller distribution



Use tabulated distribution of test statistics

Use statistic ττ for the test whether the coefficient α̂τ = 0 in

∆yt = α̂0 + α̂τyt−1 + β̂t + et

The “t-statistic” can be read from the regression output and
compared with the Dickey-Fuller distribution of ττ

From Wayne Fuller, Introduction to Statistical Time Series, Second
edition



Tabulated distribution for ττ



Distributions

Can use p-values from programs

Distributions allow for heteroskedasticity and serial correlation of error
term

I Computers much faster than they were in the 1970s



Summary of Dickey-Fuller test with trend

Use statistic ττ for the test whether the coefficient α1 is one in

yt = α0 + α1yt−1 + βt + εt

Run a “Dickey-Fuller regression”

∆yt = α̂0 + α̂τyt−1 + β̂t + et

I Test whether α̂τ = 0 using usual “t-statistic” from OLS program
I Compare “t-statistic” with the Dickey-Fuller distribution



Dickey-Fuller test without trend and with nonzero mean

Null hypothesis is
yt = yt−1 + εt

Alternative hypothesis

yt = α0 + α1yt−1 + εt , |α1| < 1

Neither representation has a deterministic trend



Dickey-Fuller test without trend and with nonzero mean

Null hypothesis is
yt = yt−1 + εt

Alternative hypothesis

yt = α0 + α1yt−1 + εt , |α1| < 1

Subtract yt−1 from both sides of the regression and get

∆yt = α0 + (α1 − 1) yt−1 + εt

∆yt = α0 + αµyt−1 + εt

I Subtracting yt−1 from both sides of the first regression is a linear
transformation that does not change the residual and therefore does
not affect statistical properties

I Test whether α̂1 − 1 ≡ α̂µ = 0
I Again just testing whether a coefficient is zero
I The “t-statistic” for this test is the usual one from a regression

program and can be compared with the Dickey-Fuller distribution of τµ



Tabulated distribution for τµ



Dickey-Fuller test with zero mean

Null hypothesis is
yt = yt−1 + εt

Alternative hypothesis

yt = α1yt−1 + εt , |α1| < 1

Neither representation has a trend and the autoregression has mean
zero



Dickey-Fuller test with zero mean

Null hypothesis is
yt = yt−1 + εt

Alternative hypothesis

yt = α1yt−1 + εt , |α1| < 1

Subtract yt−1 from both sides of the regression and get

∆yt = (α1 − 1) yt−1 + εt

∆yt = αyt−1 + εt

I Test whether α̂1 − 1 ≡ α̂ = 0
I Again just testing whether a coefficient is zero
I The “t-statistic” for this test is the usual one from a regression

program and can be compared with the Dickey-Fuller distribution of τ



Tabulated distribution for τµ



Augmented Dickey-Fuller tests

Augmented Dickey-Fuller tests includes additional lags

Illustrate without trend because the principle is the same for the
alternative assumptions



Augmented Dickey-Fuller test with nonzero mean and no
trend

Null hypothesis of at least one unit root

yt =
k

∑
i=1

αiyt−i + εt ,
k

∑
i=1

αi = 1

Alternative hypothesis

yt = α0 +
k

∑
i=1

αiyt−i + εt , |
k

∑
i=1

αi | < 1

Neither representation has a deterministic trend and the
autoregression has a nonzero mean



Augmented Dickey-Fuller test with nonzero mean and no
trend

Alternative hypothesis

yt = α0 +
k

∑
i=1

αiyt−i + εt , |
k

∑
i=1

αi | < 1

Subtract yt−1 from both sides of the regression and get

∆yt = α0 + (α1 − 1) yt−1 +
k

∑
i=2

αiyt−i + εt

I Don’t care whether α1 − 1 = 0
I Want joint deviation of 1 from α1 and all other αi s because the

condition for a unit root is ∑k
i=1 αi − 1 = 0

I Can do this if rewrite in terms of lagged changes



Augmented Dickey-Fuller test with nonzero mean and no
trend

Null hypothesis of at least one unit root with second-order
autoregression rewritten in terms of first difference on left

∆yt = α0 + (α1 − 1) yt−1 + α2yt−2 + εt

Subtract α2yt−1 from the term in parentheses and add it to the
right-hand side of the equation

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2yt−1 + α2yt−2 + εt



Augmented Dickey-Fuller test with nonzero mean and no
trend

Null hypothesis of at least one unit root with second-order
autoregression rewritten in terms of first difference on left

∆yt = α0 + (α1 − 1) yt−1 + α2yt−2 + εt

Subtract α2yt−1 from the term in parentheses and add it to the
right-hand side of the equation

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2yt−1 + α2yt−2 + εt



Augmented Dickey-Fuller test with nonzero mean and no
trend

Have

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2yt−1 + α2yt−2 + εt

which can be written

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2 (yt−1 − yt−2) + εt

= α0 + (α1 + α2 − 1) yt−1 − α2∆yt−1 + εt

Under the null hypothesis of a unit root, the estimated coefficient of
yt−1 is zero

Same distribution of test statistic as with only one lag and just use
table as before



Augmented Dickey-Fuller test with nonzero mean and no
trend

Have

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2yt−1 + α2yt−2 + εt

which can be written

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2 (yt−1 − yt−2) + εt

= α0 + (α1 + α2 − 1) yt−1 − α2∆yt−1 + εt

Under the null hypothesis of a unit root, the estimated coefficient of
yt−1 is zero

Same distribution of test statistic as with only one lag and just use
table as before



Augmented Dickey-Fuller test with nonzero mean and no
trend

Have

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2yt−1 + α2yt−2 + εt

which can be written

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2 (yt−1 − yt−2) + εt

= α0 + (α1 + α2 − 1) yt−1 − α2∆yt−1 + εt

Under the null hypothesis of a unit root, the estimated coefficient of
yt−1 is zero

Same distribution of test statistic as with only one lag and just use
table as before



Augmented Dickey-Fuller test with nonzero mean and no
trend

Have

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2yt−1 + α2yt−2 + εt

which can be written

∆yt = α0 + (α1 + α2 − 1) yt−1 − α2 (yt−1 − yt−2) + εt

= α0 + (α1 + α2 − 1) yt−1 − α2∆yt−1 + εt

Under the null hypothesis of a unit root, the estimated coefficient of
yt−1 is zero

Same distribution of test statistic as with only one lag and just use
table as before



Augmented Dickey-Fuller test with nonzero mean and no
trend

What if three lags?

yt = α0 + α1yt−1 + α2yt−2 + α3yt−3 + εt

Can rewrite as

∆yt = α0 + (α1 + α2 + α3 − 1) yt−1 − α2∆yt−1 − α3∆yt−2 + εt

I and so on

DO three lagged levels yourself

In general, estimate

∆yt = α0 + αµyt−1 +
k

∑
i=1

α∗i ∆yt−i + εt

I Test whether α̂µ = 0 to see whether there is at least one unit root



More than one unit root

What if can’t reject null hypothesis of one unit root in

yt = α0 + α1yt−1 + α2yt−3 + α2yt−3 + εt

I There could be another

Run augmented Dickey-Fuller test on second differences

∆2yt = α0 + αµ∆yt−1 +
k

∑
i=1

α∗i ∆2yt−i + εt

I Test whether α̂µ = 0 to see whether there is at least one unit root in
this equation

I If so, then there are at least two unit roots in the data

Practically speaking, not that common to find two unit roots and I at
least have not seen an inability to reject three unit roots



More than one unit root

Alternative strategy in the textbook is to test whether there are, for
example, at least two unit roots first

I If reject null hypothesis, then test whether there is at least one unit
root

What is the difference?
I My suggested strategy will find too few unit roots sometimes
I Text’s suggested strategy will find too many unit roots sometimes

Which are you most worried about?
I Null hypothesis is at least N unit roots
I I am inclined to think this rejects the null hypothesis too seldom when

the alternative is correct
I So I am more concerned about finding too many unit roots rather than

too few



How many lags?

Estimate a well behaved difference equation under the null hypothesis
of a unit root

∆yt = α0 +
k

∑
i=1

αi∆yt−i + εt

Test for lag length



How many lags?

Estimate a well behaved difference equation under the alternative
hypothesis of not a unit root

yt = α0 +
k

∑
i=1

αiyt−i + εt

This is the same as estimating and testing with

∆yt = α0 + α∗yt−1 +
k−1
∑
i=1

αi∆yt−i + εt

Test for lag length



Which is better? I

If the series has a unit root, it makes little difference whether or not
you include the lagged level

If the series does not have a unit root, then the mis-specified first
difference equation is likely to include many lags to reduce the
estimated residuals to low autocorrelation

Estimating lag length in first differences only works well if there is a
unit root

Estimating lag length in the levels works whether or not there is a
unit root

yt = α0 +
k

∑
i=1

αiyt−i + εt

First differenced, this becomes

∆yt =
k

∑
i=1

αi∆yt−i + ∆εt

α (L)∆yt = (1− L) εt



Which is better? II

Dividing by (1− γ L) with γ close to one yields roughly serially
uncorrelated residuals

(1− γ L)−1 α (L)∆yt =
(1− L)

(1− γ L)
εt

where the error term is closer to serially uncorrelated as γ approaches
one and

(1− γ L)−1 = 1 + γ L+γ2 L2 +γ3 L3 +....

indicate many lags with large coefficients are included in the equation

Conclusion:

Estimating lag length in the levels works whether or not there is a
unit root

Estimating lag length in first differences only works well if there is a
unit root



Determination of lag length by successive regressions

Sequential regression strategy to determine lag length
I Use t-ratio on last estimated coefficient in regression initially longer

than plausible
1 Select lag length k greater than plausible
2 Estimate regression of lag length k
3 If last coefficient statistically significant using t-ratio, stop; otherwise

reduce lag length (k) by one and go to 2

I Will include too many lags if use typical 5 percent significance level for
each coefficient



AIC , BIC and Hannan-Quinn for determining lag length

Normal distribution of innovations with k parameters

Akaike information criterion

AIC (k) = ln σ̂2
k +

2k

T

(Schwarz) Bayesian information criterion – text calls it SBC

BIC (k) = ln σ̂2
k +

k lnT

T

Hannan-Quinn

HQ = ln σ̂2
k +

2k ln (lnT )

T



General definitions of AIC, BIC and Hannan-Quinn

Akaike information criterion

AIC (k) = −2 ln L̂k + 2k

(Schwarz) Bayesian information criterion

BIC (k) = −2 ln L̂k + k lnT

Hannan-Quinn

HQ(k) = −2 ln L̂

T
+

2k

T
ln(lnT )



Which criterion is best?

Successive reduction in lag length, AIC and BIC could pick different
models depending on which criterion used

AIC and BIC most commonly used in Economics in recent years

Which is better?
I BIC is consistent
I AIC overestimates lag length
I BIC tends to have more variability than AIC in number of lags across

samples

It’s a matter of preference to some degree which to use, as far as I
can tell

AIC common choice given current knowledge

BIC more parsimonious

In my experience, lag lengths typically are the same or close

Very important practical point: Keep T fixed across estimates of all
regressions – same number of observations in all regressions



Relationship of autoregressions to ARMA models

How is the AR(k) related to an ARMA(p,q)?

∆yt = α0 +
k

∑
i=1

αi∆yt−i + εt

Invert MA part and approximate length of finite-order ARMA(p,q) by
AR(k)

Start with ARMA model with constant term suppressed

α (L)∆yt = β (L) εt

Then ARMA(p,q) can be written

β (L)−1 α (L)∆yt = εt

In general, this equation has an infinite number of lags
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Relationship of autoregressions to ARMA models

Equation
β (L)−1 α (L)∆yt = εt

Can approximate the infinite number of lags in this equation by a
finite number of lags which increases with the sample size

If the number of lags approaches infinity as the number of
observations approaches infinity and the ratio of the number of lags
to the number of observations goes to zero, then can estimate the
coefficients of lagged variables consistently

lim
T→∞

k = ∞ and lim
T→∞

k

T
= 0

For example k = T 1/3 (Said and Dickey 1984)
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French real exchange rate (log with zero mean)



Random walk



Unit root and graph

The number of crossings of the mean is an indicator of whether there
is much evidence of a unit root

I A stationary autoregression reverts to the mean from any deviation
from the mean

I A random walk has no tendency to revert to the sample mean

Can build a test based on this
I Burridge and Guerre (1997, Econometric Theory)
I Generalization by Garćıa and Sansó (2006, Econometric Theory)
I Not more powerful than Dickey-Fuller test
I Logic is informative for an impression of the likely result of a test for a

unit root



Bayesian analysis of unit roots I

In a Bayesian analysis, there is nothing special about a model with
unit roots

I The issue of asymptotic distributions does not come up

Two, or maybe more, alternative models

p (M0) is the prior probability of there not being unit root

p (M1) is the prior probability of there being a unit root

Mutually exclusive and exhaustive so p (M0) + p (M1) = 1

Have prior probabilities and use them to obtain posterior after seeing
data y

p (M1|y) =
p (y |M1) p (M1)

p (y)

p (M0|y) =
p (y |M0) p (M0)

p (y)

Posterior odds ratio is
p (M1|y)
p (M0|y)



Bayesian analysis of unit roots II

and it is easy to see that

p (M1|y)
p (M0|y)

=
p (y |M1)

p (y |M0)

p (M1)

p (M0)

Specify prior probabilities and likelihood functions, then compute the
posterior probability of a unit root

There are complications of course – “nuisance parameters” – but the
issues are tractable



Summary I
Trend stationary versus difference stationary

Series has a unit root
I First autocorrelation close to one
I Slow decay of autocorrelations if a series has a unit root

Series has a deterministic trend
I First autocorrelation close to one
I Slow decay of autocorrelations if a series has a deterministic trend

Use unit root tests to distinguish between stationary series and those
with a unit root

Augmented Dickey-Fuller tests are fairly standard
I Often footnote material
I Lag length selection of some importance
I AIC and successive t-tests probably are most common way to pick lag

lengths

Why not estimate ARMA model to test for unit root?
I Autoregressions can approximate any ARMA model

Number of crossings of mean is related to unit-root behavior
I Tests based on this perform similarly to augmented Dickey-Fuller tests
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