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Squared changes in log returns for CRSP daily

Squared changes in log of CRSP index
January 31, 1926 to December 31, 2008
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Absolute value of log returns for CRSP daily

Absolutevalue of changes in log of CRSP index
Januar y 31, 1926 to December 31, 2008
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Heteroskedasticity over time

@ These graphs suggest heteroskedasticity over time
e Time-varying volatility of returns

o Of interest in itself to characterize returns
@ Matters for prices of options and some other financial instruments

e Volatility clustering

@ These graphs are suggestive but don’t tell us too much

e Using individual observations on squared changes and absolute value to
estimate variance and standard deviation as it changes

e Similar to using each individual observations to estimate mean as it
changes
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Serial correlation of change in logarithm of value-weighted

CRSP index

Corresogram of RETD_50Q
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Serial correlation of absolute value of change in logarithm

of value-weighted CRSP index

Corrdogram of RETD_ABS
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Autoregressive conditional heteroskedasticity (ARCH)

is intended to deal with this

@ Simple ARCH model for returns

rr = M,tu Eut:0,Euf:Uf
0’% = zx0+0c1uf_1

where r; is a log return, (T% is the variance of a; conditional on past

values of the squared innovations, af_l
re = |, + uz is the mean equation for r;
(7% =g+ ocluffl is the variance equation for r;

u; is the innovation in r;

A slightly different version of the same equations is

o = u,+oiee Ee=0Fel=1

0’% = a9+ (xluf_l

where uy = 0;:&;
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Estimating an ARCH model

2 2
yo = H,+tu Eu=0Eu =03
0'% = DCo—f-leu?_l

@ Steps in estimating an ARCH model

© Estimate a model for the mean equation
@ Use the residuals of the mean equation to test for ARCH effects
© Specify a variance model with ARCH effects if it seems warranted

@ Check the fitted model and refine as suggested by diagnostic statistics
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@ In general, there is no reason the mean equation can't be as
complicated as we like

Yt:]/lt+ut

@ y;: can be a complicated ARMA(p,q) or can have variables included

@ y; is stationary in mean
e y: may be first difference of original series
o for example ry = pr — pr—1

@ May be mis-specified if ignore conditional heteroskedasticity of wu;
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Testing for ARCH

@ Simple model

Yo = Yt 0e& ESrZO,Eszl
(Tf = oco—i—ocluf,l

@ Let u; be the actual residuals from the mean equation so

at = It — phy

GPD (TCD) Volatility



Two tests for ARCH

@ Box-Ljung test applied to squared residuals, u?, for some pre-specified
number of lags k
@ Engle test based on a regression for the squared residuals

2 2 2 2
Uy =g +a1Uy_ +0ouU; 5+ ...+ apUy_ + e

where e; is the error term in the regression
o Test whether a1 = ap = ... = &y using an F-ratio

_ (SSRy— SSRy) /k
T SSRy/ (T —2k—1)

where SSRy = Y., (ut —u ) /T, u? is the mean of u?, and
SSRI—Zt k+1et/(T k+1) and FrA X

11 /37
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Properties of ARCH models

Mean

@ Simple model

2
yi = ur=0 Ee =0,Ee =1
o7 = wg+aul

where ag > 0 and a1 > 0. Why?

@ Let F;_1 denote the set of all information available in t — 1 and
earlier, especially yr—1, yr—2, ..., Ur—1, Ur—2 .

E [ut]
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Properties of ARCH models

Variance

@ Simple model

Var [u:] =

@ Therefore, if 0 < a1 <

= 0:& Estzo,Esle
= IJCo—f-(Xlug,l
> 0,07 20

0

E[uf] =E[B (vf|F1)]
E[E (a0 +aruf |Fi1)]
E [0{0 + [X]_U?il] = g + 141 E u?*l

IX()—}-(XlEu?

Var [u;] = 1 iole

[EED))
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Properties of ARCH models

Kurtosis — fourth moment

@ Simple model

Yt
2

Oy
Xo
E [u]

Var [u;]

@ Tail behavior

\%

Ot& EStZO,ES%:].
oo +txluf,1
0,01 >0

0
Xo
1—0(1

e Assume ¢; is normally distributed
e Do we get fatter tails than from the normal distribution?

[EED))
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Fourth moment, tail behavior

30 (1+ 1)

Eul =
CT (- w) (1343

e Ea} > 0 obviously and therefore &y must satisfy (1 —3a%) > 0 and
therefore 0 < zx% < %

@ The unconditional kurtosis of a; with normally distributed ¢; is
4 2

Var [u)>  ~1—3a3

o Therefore,
E u}
Var [u;)?

e This implies fatter tails than for a normal distribution
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Properties of ARCH models

Restrictions on estimated variance equation in practice

@ Simple model

Yo = UOt& EthO,ES%:].
0'% = 060—|—1)(1U?_1
ag > 0,7 >0
Elu:] = 0
X0
Vi =
ar[ut] 1_061
Euf 1—a2 , 1
—— = 33— >3, 0<a7< -
Var [u;]? 1—3a32 1=3

@ «; need not all be positive when more than one lag in the variance
equation

o Sufficient to make sure all the estimated conditional volatilities 02 > 0

o If one (7% is negative, the estimated results make no sense
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Limitations of ARCH models

@ Symmetric effects of shocks. This is too restrictive for stock returns,
where positive shocks have a smaller effect on future variance than
negative shocks

@ Returns tend to have some clusters of high and low variance, whereas
ARCH models tend predict slow decay to mean from any current
variance

© Restrictive parameterization, e.g. 0 < o&% < % for kurtosis to be well
defined for ARCH(1)

@ Deterministic equation for variance; no error term in

02 =ao+aru?

© Provides no evidence on source of changes in variance
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Estimation of ARCH model

@ Use partial autocorrelation function of u? to determine order of
ARCH specified
@ Maximize the likelihood of distribution of &;
o Distributions

o Normal distribution
o t-distribution with degrees of freedom v
o generalized error distribution

e Quasi-maximum likelihood estimation

o Consistent estimates of parameters
@ lIssue of correct standard errors of coefficients

© u:/0: is a sequence of IID variables if correctly specified

@ Use 1; /7 to examine whether the serial correlation is adequately
estimated
o Partial autocorrelation functions of u;/0+ and (ﬁt/(?t)2 with Engle
regression test on (Dt/?ft)2
o Compare distribution to the one assumed using Kolmogorov-Smirnoff
tests

[EED)) Volatility 01/11 18 / 37



GARCH

@ ARCH models can require many lags
o Reduce lags in mean equations by using ARMA models
@ MA terms can substitute for several AR terms
e Maybe including something like MA terms in ARCH equation can
reduce number of lags
o GARCH (Generalized ARCH) model
e ARCH Model
0F = @0+ QLUF_g o R UF
o Instead, try GARCH, here a GARCH(m,s) (order of lags often not
consistent)

2 2 2 2 2
o =agtarup g+ Ui, + ot ot

o Lag lengths are m for the part analogous to the moving average and s
for the part analogous to an autoregression
@ May be able to reduce lag length substantially by having both sets of

terms
01/11 19 / 37
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Properties of GARCH models

2 2 2 2 2
0 = oo+ Uy g+ .U, + B0+ B

Restrictions on parameters

max(m,s)

0 >0,6,>0 Y (a+p)<l1

i=1

Properties of estimates and relation to parameters
Déo

1 _ Zmax( ( + ﬁ )
For GARCH(l 1), 02 = ag +aza?_; + B,07_;, with
1—(zx1—|—,31) —2a? >0
2
E[u‘t‘] 3[1_(“1+51) ] -
(B[w])" 1= (m+p)" — 208
Generally speaking, it is hard to estimate more than a few lags

E[uf] =

[EED)) Volatility 01/11 20 / 37



IGARCH

@ What if the variance is very persistent?
07 =g+ arul g+ agul g+ Bror gt PO
e with Zz-nzaf(m's) (xj + B;) = 1, indicating a unit root in the variance
process
@ Actually pretty common with returns

e Change in logarithm of value-weighted CRSP index 1/2/1926 to
12/31/1007

e dlnvwersp = 0.000632+3;

o 7 =1.22-107°40.0994732 | 4 0.889757_,

o standard errors of coefficients are 1.22-108,0.0019 and 0.0023

o sum of coefficients is 0.9892

@ IGARCH model, IGARCH(1,1)

us = Ot&
o7 = a0+ B0ty + (1B iy
0 < B <1
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Properties of IGARCH model

o IGARCH(1,1)

ur = O¢&t
ot = o+ pot g+ (1B iy
0 < By <1

o Unconditional variance is undefined
o Constant term is similar to constant term for a random walk — a trend

@ A nonzero constant term suggests a trend in variance
o Why? One-step-ahead forecast at h is forecast of U%H—l
@ Suppose that estimate of (T% and a% are available and (7%(1) is the
forecast made of 02 made at h for one step ahead
2 2 2
op(1) = a0+ B0y +(1-By) uj
2 2 2
0p(2) = a0+ Byl + (1= By) vh
Best forecast of U%H is (7%(1) and best forecast of afﬂrl from
ah ., =038 is 03 (1), so

3 (2) = a0 + 03 (1)
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GARCH-M

@ GARCH-M is GARCH in mean — simple one is
Yt = }l"‘CU’%—}—Ut, Ur = Ot&t

2 2 2
oy = waot+warup g+ B0

e rt is a return on an asset and c is called a risk premium parameter

o Could use o+ or Inogy instead of (7%
o Question: When will the variance of an asset’s return reflect its risk?

Volatility
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Asymmetric GARCH

@ Glosten, Jagannathan and Runkle (1993)

© Represent the asymmetry in returns that negative shocks create more
future variance

2
Yo = HFcortuy, U =0:&
2 2 2 2
oy = aotwarup_ g+ Pior g +yur_gl

] It,]_ =1if ur_1 < 0 and It,]_ =0if ug_1 Z 0
o Greater effect of negative shocks if estimate ¢y > 0
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EGARCH

@ Exponential GARCH - allows for asymmetry
e An EGARCH(1,1) with &; iid and normally distributed

Yr = WA U, U = 0¢&

Ko +(y+0) 4L ifu_1>0

O
e = (1—wa1)ag— V2mry

o+ (y—0) tlifu g <0

[EED)) Volatility 01/11 25 / 37



EGARCH explained

o An EGARCH model starts from the function g (&)

g(er) = Oer+v(lec] —Elet|)
Eg(ee) = 0

e which can be rewritten as

(e) = { @FMer—7Ele] ife>0
gl (0—7)ec —YElec] ifer <0

o If @ is negative, then g (g¢) is larger for €+ < 0 than for ¢ > 0

[EED)) Volatility 01/11 26 / 37



EGARCH model

o Define the lag operator L such that Lx; = x;—1 and L' x; = Xy,

o EGARCH model, EGARCH(m,s)

Yt = W+ ur, U =0&
g(er) = Oer+y(lee] —Elet])
14+ B, L+..+B,_ L5
Ino? = a l—alL—...—samLm g (er—1)
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Test for asymmetric volatility

Estimate a mean equation and get residuals U;
Define I,y =1ift;_ 1 <0and ;1 =0ifu;_1 >0

Run regression

B =+ pyle1+ 00

If ¢; > 0, then there is an asymmetric effect of negative shocks

GPD (TCD) Volatility



TGARCH

@ Threshold GARCH — TGARCH(m,s)

s m
op = a0+ Y (wi+1Nei)uii + Y Bior;
i=1 J=1

Ne_; = 1ifu_; <0
Ne—; = 0ifu_; >0
“i:’Yiv.Bj > 0

@ This also allows for bigger effects of negative shocks

[EED)) Volatility 01/11 29 / 37



Testing restrictions in nonlinear models

@ Usual t-tests are estimated for maximum likelihood

o Inverse of information matrix provides estimator of variance for these
tests

@ Likelihood ratio, Wald and Lagrange multiplier tests
o Consider estimating a parameter 0

o Maximum likelihood estimate is 6
o Restricted estimate is 0

[EED)) Volatility 01/11 30 / 37



Comparison of likelihood ratio, Wald and Lagrange

multiplier tests

— |
Q)
Qb
v
Q

@ Vertical distance from B to A is basis of likelihood ratio tests
@ Horizontal distance from B to A is basis of Wald tests (e.g. t-tests)
@ Slope of likelihood function at B is basis of Lagrange multiplier test
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ochastic Volatility

@ Autocorrelation function of squared residuals or absolute value of
returns often decays slowly
e For a covariance stationary process, autocorrelations decline at an
exponential rate

o For a long-memory process, autocorrelations decline at hyperbolic rate
(slower)

@ Stochastic volatility

e The evolution of volatility is not a deterministic function of past
volatility and shocks to the mean equation

[EED)) Volatility 01/11 32 /37



Relatively simple example of long memory

ur = O¢&t
o = oexp(u/2), (1—L1)° up =1,
g ~ N(0,1), 7, ~ N(O,(Tf])

1
d,
(7>0.<2

@ non-integer d indicates fractional differencing

e The long memory comes from the fractional differencing

o Note that
Inu? = Inaf—l—lnegzlnaz—l—lnut—i—lns%
= (Inaz+E|ns§)+ut+(|ns%—E|ne§>
= pu+urtet

o where t =Inc? +ElIne? and e; = (Ine? —Elne?)

[EED)) Volatility 01/11 33 /37



Use higher-frequency returns to estimate variance

@ Example: Use daily variance in the month to calculate variance for
the month

o Let r{" be the monthly return in month t

o Let ry; be the daily return on day / in month t

e Suppose that daily returns are serially uncorrelated and the daily
variance is constant

e Then
n
r = Z e,i
i=1
Var [r{"] = nVar|r]
e and Va/rE,-} = there Tt is the mean of the daily returns

e The estimated monthly variance thus is

—\2
27:1 (rt,i - ft)

~m
or =n
¢ n—1
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Daily variance to estimate monthly variance

@ The estimated monthly variance is simple to calculate

Y0 (r— )
m __ i )
e =TT

@ This becomes more complicated if the daily returns are serially
correlated, but it's still manageable

o If daily log returns have high excess kurtosis and serial correlations,
then this estimator may not be consistent

@ Does this make sense from a subject-matter (financial economics)
point of view?
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Garman-Klass estimator of daily variance

@ Use high, low, opening, and closing prices to estimate variance

e Can even estimate daily variance just knowing opening, high, low and
closing prices

e Assume that price follows a random walk

o Let C; be the logarithm of the closing price so rr = ¢t — ¢

e Conventional estimator is

0'% =E [(Ct - Ct—l)z}

e Using only closing price
e High Hy, low Lt, and open O also often are available
o Can estimate daily variance of price (not log price) from

(0r — Ce_1)? + 08825 (He— L+)? 40.386 (C; — O;)?

~2
—0.12
ok =0 f 1—f

where f is the fraction of the day that the market is open
o Is there something like this to estimate the variance of the log return?
Yes. See next slide
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Yang and Zhang estimator

@ Use high, low, opening, and closing prices to estimate variance of log
prices over a longer period

e Define
o0 = InOt—1In0O;_1
ht = |In Ht —In Ot,]_
Et = In Lt —In Ot_]_
¢t = InCG—1In0Oy_4

e Monthly variance based on n days of trading is
637 =G0+ ke + (1— k) &y
where 0, and 0 are is the estimated variances of o; and ¢; and
R 1
ot = - Y [he (he — ce) + e (6r — ct))]

0.34
134+ (n+1)/(n—1)

and k was chosen to minimize the variance of the estimator 3%/2
01/11 37 /37
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